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Abstract: In this paper two conjectures are proposed based on which we can prove the first
case of Fermat’s Last Theorem(FLT) for all primes p ≡ −1(mod 6). With Pollaczek’s result
[1] and the conjectures the first case of FLT can be proved for all primes greater than 3. With
a computer Conjecture1 was verified to be true for primes ≤ 2437 and Conjecture2 for primes
≤ 100003.
Fermat’s Last Theorem(FLT): The equation xl+ yl = zl with integral l > 2, has no solution
in positive integers x, y, z.
There is no loss in generality if x, y, z are pairwise prime and, if l = 4 and all odd primes only.
Let p denote a prime greater than 3. The results presented here are when p ∤ xyz, known as
‘ first case of FLT ’. We will denote greatest common divisor of integers α, β, γ, ... by (α, β, γ,...).
Let us define a Polynomial Fn(x, y) = (x+y)
n−xn−yn for any positive odd integer n. Expanding
(x+ y)n and collecting terms having same binomial coefficient we get,
Fn(x, y) = xy(x+ y)

(n−1)/2∑
i=1
nCi x
i−1yi−1

n−1−2i∑
j=0
(−1)jxn−2i−j−1yj



 . (1)
We will show Fn(x, y) can be written in terms of x, y and (x+ y),
Fn(x, y) = xy(x+ y)
(n−1)/2∑
i=1
Wi−1 x
i−1yi−1(x+ y)n−2i−1, (2)
where, Wj, for j = 0, 1, ...,
n−3
2 , are integers. Comparing (1) and (2) we get,
Wj =
nCj+1 −
j∑
k=1
[
(−1)j+k nCk +
n−2j+2k−3Ck Wj−k
]
, (3)
which shows all Wj ’s are integers. We see W0 = n and evaluating the last coefficient,
Fn(x, y)
x+ y
∣∣∣∣
x=−y
= (−1)
n−1
2 Wn−3
2
xn−1 =
[
(x+ y)n−1 −
(
xn + yn
x+ y
)]∣∣∣∣
x=−y
= −nxn−1,
we get
Wn−3
2
= (−1)
n−3
2 n. (4)
1
Lemma1: Given nonzero integers x, y such that (x, y) = 1 for any positive odd integer n,(
x+ y,
xn + yn
x+ y
)
= (x+ y, n).
Let (x+ y, n) = g.
Proof 1. From (2) and (4), Fn(x,y)g(x+y) =
(x+y)
g
[∑(n−3)/2
i=1 Wi−1 x
iyi(x+ y)n−2i−2
]
− ng (−xy)
n−1
2 , any
divisor of (x+y)g will divide all terms except last, giving
(
x+y
g ,
Fn(x,y)
g(x+y)
)
= 1. So
(
x+y
g ,
xn+yn
g(x+y)
)
= 1.
Proof 2. Since, x
n+yn
g(x+y) =
(x+y)
g
[∑n−1
i=1 (−1)
i−1 i xn−i−1yi−1
]
+ ng y
n−1, any divisor of (x+y)g will
divide all terms except last. Hence
(
x+y
g ,
xn+yn
g(x+y)
)
= 1. 
Now let n = p, then from (3), wj =Wj/p, for j = 0, 1, ...,
n−3
2 , are integers. Define Polynomials
Gp(x, y) =
Fp(x,y)
pxy(x+y) , and fx,y = x
2 + xy + y2. We will now show, f ǫx,y is a factor of Gp(x, y) for
any prime p > 3, when exponent ǫ = 1. We will also show ǫ = 2 if and only if p ≡ 1(mod 6) and
ǫ ≤ 2. Solving for x in fx,y = 0, gives x = −ye
±
iπ
3 . Now to show f ǫx,y | Gp(x, y) it is sufficient to
show
Fp(x,y)
fǫ−1x,y
∣∣∣
x=−ye±
iπ
3
= 0. When ǫ = 1 subsituting for x in Fp(x, y) = (x + y)
n − xn − yn, we
get
Fp(x, y)|
x=−ye±
iπ
3
= yp
[
2 cos
pπ
3
− 1
]
,
which is zero for any prime p ≡ ±1( mod 6). Since Fp(x, y)/f
ǫ−1
x,y at x = −ye
±
iπ
3 is indeterminant
for ǫ > 1, applying L’Hospital’s rule when ǫ = 2 we get,
Fp(x, y)
fx,y
∣∣∣∣
x=−ye±
iπ
3
=
[Fp(x, y)]
′
[fx,y]′
∣∣∣∣
x=−ye±
iπ
3
= ∓2ipyp−2
[
sin (p−1)π3
1− 2 e±
iπ
3
]
,
which is zero if and only if p ≡ 1(mod 6). When ǫ = 3 we get,
Fp(x, y)
f2x,y
∣∣∣∣
x=−ye±
iπ
3
=
[Fp(x, y)]
′′
[f2x,y]
′′
∣∣∣∣
x=−ye±
iπ
3
= p(p− 1)yp−4

 cos (p−2)π3(
1− 2 e±
iπ
3
)2

 ,
which is not zero for p ≡ ±1(mod 6). So ǫ ≤ 2 and ǫ = 1 or 2 for primes p ≡ −1 or +1(mod 6)
respectively.
Lemma2: If the first case of FLT is false, then p2 | Gp(x, y) for primes p ≥ 3.
Since first case of FLT is false we have nonzero pairwise prime integers x, y, z satisfying equation
xp + yp = zp. Define m = x+ y − z, from Fermat’s little theorem p | m. Let pλ | m first we will
show λ ≥ 2. Since p ∤ xyz we have (x+ y, p) = 1 and from Lemma1
(x+ y) = ap; (z − x) = bp; (z − y) = cp, (5)
2
xp + yp
x+ y
= rp;
zp − xp
z − x
= sp;
zp − yp
z − y
= tp, (6)
z = ar; y = bs; x = ct, (7)
where a, b, c, r, s, t are positive integers > 1 and p ∤ a, b, c, r, s, t. Substituting (5) and (7) in
m = x + y − z we get, m = a(ap−1 − r) = b(s − bp−1) = c(t − cp−1). Since p | m, we have
(ap−1)p ≡ rp(mod p2)⇒ rp ≡ 1(mod p2) and substituting for rp from (6) we get,
zp ≡ (x+ y)(mod p2). (8)
Similarly
yp ≡ (z − x)(mod p2), (9)
xp ≡ (z − y)(mod p2). (10)
Taking (8)-(9)-(10), we get
m ≡ 0(mod p2), (11)
so λ ≥ 2. From (8)+(9)+(10), (8)+(9)-(10) and (8)-(9)+(10) we get 2zp ≡ 2z(mod p2), 2yp ≡
2y(mod p2) and 2xp ≡ 2x(mod p2) respectively, which gives
zp−1 ≡ 1(mod p2); yp−1 ≡ 1(mod p2); xp−1 ≡ 1(mod p2). (12)
Now from (11) we have (x + y)p − zp ≡ 0(mod p3) ⇒ p2 | xy(x + y)Gp(x, y). Since p ∤ xyz ⇒
p2 | Gp(x, y) 
Corollary1: For prime 3 the first case of FLT is true
Proof. Assume the first case of FLT is false for p = 3. We have G3(x, y) =
(x+y)3−x3−y3
3xy(x+y) = 1. But
from Lemma2, 32 | G3(x, y), which is not possible. 
Lemma3: For any nonzero positive coprime integers x, y there is no prime ξ ≡ −1(mod 6)
such that ξ | (x2 + xy + y2).
Proof. We have ξ + 1 = 6τ , where τ is a positive integer ≥ 1. Let x + y = η. Assume
fx,y = η
2 − xy ≡ 0(mod ξ). Since (x, y) = 1 we get (x, ξ) = (y, ξ) = (η, ξ) = (x, η) = (y, η) = 1
and the following congruences,
x2 ≡ −yη(mod ξ); y2 ≡ −ηx(mod ξ); η2 ≡ xy(mod ξ), (13)
x2 + y2 + η2 ≡ 0(mod ξ). (14)
From (13) we get
x3 ≡ y3 ≡ −η3(mod ξ). (15)
Using Fermat’s little theorem and (15) in (14) we have,
x2 + y2 + η2 ≡ xξ+1 + yξ+1 + ηξ+1 ≡ (x3τ )2 + (y3τ )2 + (η3τ )2 ≡ 3x6τ ≡ 0(mod ξ),
3
which is contradictary to ξ ∤ xyη. 
Corollary2: For prime 5 the first case of FLT is true
Proof. Assume the first case of FLT is false for p = 5. We have G5(x, y) = x
2 + xy + y2 and
5 ≡ −1( mod 6). But from Lemma2 we have 52 | G5(x, y), contradicting Lemma3. 
Define Hp(x, y) = Gp(x, y)/f
ǫ
x,y =
Fp(x,y)
pxy(x+y)fǫx,y
. It is obvious that Hp(x, y) can be defined only
for primes p > 3. Now we propose the following conjecture.
Conjecture1: For nonzero coprime positive integers x, y and primes p > 3, Hp(x, y) is not
divisible by p2. Here we note that there is no condition on x and y except (x, y) = 1.
Proposition1: The first case of FLT is true for primes p ≡ −1( mod 6). We will now show how
Conjecture1 can be used to prove Proposition1. Assume the first case of FLT is false, then from
Lemma2 p2 | Gp(x, y). But from Lemma3 we see that p ∤ fx,y. So p
2 | Hp(x, y) contradicting
Conjecture1.
Pollaczek’s result [1]: If the non-zero integers x, y, z satisfy equation xp+yp = zp, (x, y, z) = 1,
for prime p > 3, then x2 + xy + y2 is non-divisible by p.
Proposition2: The first case of FLT is true for any prime p > 3. Again we will show how
Conjecture1 can be used to prove Proposition2. As we have already seen if the first case of FLT
is false then p2 | Gp(x, y). But from Pollaczek’s result we see that p ∤ fx,y. So p
2 | Hp(x, y)
contradicting Conjecture1.
We propose a weaker conjecture which can be easily verified without altering the propositions.
Conjecture2: For any prime p > 3 assume that there exist pairwise relatively prime nonzero
integers x, y, z, xp + yp = zp. Then Hp(x, y) is not divisible by p
2.
SinceH5(x, y) = H7(x, y) = 1, the conjectures are true for primes 5 and 7. For primes p > 7 using
a simple computer programme in Mathematica 4.0 the conjectures were being verified. Since
Fp(x, y) and xy(x+y)f
ǫ
x,y are symmetric polynomials, Hp(x, y) =
Fp(x,y)
pxy(x+y)fǫx,y
is also a symmetric
polynomial. So (y−1)p−2ǫ−3 Hp(x, y) ≡ Hp(X, 1)(mod p or p
2), where X ≡ y−1x(mod p or p2)
and y−1y ≡ 1(mod p or p2). Due to the property Hp(X, 1) = Hp(−X − 1, 1) the number of
residues, of p or p2, for the verification of the conjectures are reduced to half. For most primes p,
we found, p ∤ Hp(X, 1) and the number of residues required for both conjectures is (p−1)/2. But
when p | Hp(X, 1) verification of Conjecture1 takes longer than Conjecture2, since the number
of residues of p2 for Conjecture1 is p(p − 1)/2 and for Conjecture2, because of condition from
(12), Xp−1 ≡ 1(mod p2), it is only (p − 1)/2. With the computer Conjecture1 was verified to
be true for primes ≤ 2437 and Conjecture2 for primes ≤ 100003. From Corollary1, the first case
of FLT is true for prime 3. So with Conjecture2 and Pollaczek’s result, the first case of FLT
is true for all primes ≤ 100003. We conclude this paper with a corollary.
Corollary3: For any prime p, 2p−1 − 1 is not divisible by p3. This corollary can be easily
checked for primes 2 and 3. For primes p > 3, we have from Conjecture1 or Conjecture2
p2 ∤ Hp(x, y) even for x = y = 1. But Hp(x, y) =
Fp(x,y)
pxy(x+y)fǫx,y
and substituting x = y = 1 we get,
4
p2 ∤ 2
p−1
−1
3ǫ p ⇒ p
3 ∤ 2p−1 − 1. 
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